We report on experimentally measured light shifts of superconducting flux qubits deep-strongly coupled to LC oscillators, where the coupling constants are comparable to the qubit and oscillator resonance frequencies. By using two-tone spectroscopy, the energies of the six lowest levels of each circuit are determined. We find huge Lamb shifts that exceed 90% of the bare qubit frequencies and inversions of the qubits' ground and excited states when there are a finite number of photons in the oscillator. Our experimental results agree with theoretical predictions based on the quantum Rabi model. * fumiki@nict.go.jp † semba@nict.go.jp 1 arXiv:1712.05039v2 [quant-ph] 
According to quantum theory, the vacuum electromagnetic field has "half-photon" fluctuations, which cause several physical phenomena such as the Lamb shift [1] . A cavity can enhance the interaction between the atom and the electromagnetic field inside the cavity and enables more precise measurements of the influence of the vacuum. Cavity/circuit-quantumelectrodynamics systems are usually well described by the Jaynes-Cummings Hamiltonian [2, 3] . In the strong-coupling regime, when the cavity's resonance frequency ω is on resonance with the atom's transition frequency ∆, the vacuum Rabi splitting [4] [5] [6] and oscillations [7, 8] have been observed. In the off-resonance case, the Lamb shift [9] [10] [11] caused by the vacuum fluctuations and the ac-Stark shift proportional to the photon number in the cavity were observed [10] [11] [12] [13] . In the so-called ultrastrong-coupling regime [14, 15] , where the coupling constant g becomes around 10% of ∆ and ω, and the deep-strong-coupling regime [16, 17] , where g is comparable to or larger than ∆ and ω, the rotating-wave approximation used in the Jaynes-Cummings Hamiltonian breaks down, and the system should be described by the quantum Rabi Hamiltonian [18] [19] [20] . In these regimes, the light shifts of an atom could nonmonotonically change as g increases, and the amount of the shift is not proportional to the photon number in the cavity [21, 22] .
In this work, to study the light shift in the case of g ∼ ω, we investigated qubit-oscillator circuits that each comprise a superconducting flux qubit [23] and an LC oscillator inductively coupled to each other by sharing a loop of Josephson junctions that serves as a coupler [Figs. 1(a) and 1(c)]. By using two-tone spectroscopy [24, 25] , the energies of the six lowest energy eigenstates were measured, and the photon-number-dependent qubit frequencies were evaluated. We find Lamb shifts over 90% of the bare qubit frequency and inversions of the qubit's ground and excited states when there are a finite number of photons in the oscillator.
The qubit-oscillator circuit is described by the Hamiltonian H = − 2 (∆σ x + εσ z ) + ωâ †â + gσ z â +â † .
The first two terms represent the energy of the flux qubit written in the basis of two states with persistent currents flowing in opposite directions around the qubit loop, | q and | q .
The operatorsσ expressed as |in (i = g, e and n = 0, 1, 2, · · · ), which indicates that the qubit is in "g" the ground
or "e" the excited state and the number of real photons in the oscillator is n. The arrows indicate transition frequencies between energy eigenstates and also mean that the transitions are allowed.
Here, ∆ n (n = 0, 1, 2) is the photon-number-dependent qubit frequency.
a are the creation and annihilation operators, respectively. The fourth term represents the coupling energy.
At ε = 0, the Hamiltonian in Eq. (1) reduces to that of the quantum Rabi modelĤ Rabi .
In the limit ∆ ω, the energy eigenstates are well described by Schrödinger-cat-like entangled states between persistent-current states of the qubit and displaced Fock states of the oscillatorD(±α)|n o [21, 22] :
Here,D(α) = exp(αâ † − α * â ) is the displacement operator, and α is the amount of the displacement. The energy eigenstates on the left-hand side are expressed as |in (i = g, e), where "g" and "e" denote, respectively, the ground and excited states of the qubit and n the number of real photons in the oscillator. On the right-hand side, |n o denotes the oscillator's n-photon Fock state. Note that the displaced vacuum stateD(α)|0 o is the coherent state
The photon-number-dependent qubit frequency ∆ n (g/ω) ≡ ω en − ω gn is defined as the energy difference between the energy eigenstates |gn and |en , and it can be expressed as (see the solid lines in Fig. 4 ):
Here, L n is a Laguerre polynomial:
and so on. The difference between ∆ n and the bare qubit frequency ∆ can be considered as the n-photon ac-Stark shift |∆ n − ∆|. In particular, |∆ 0 − ∆| is referred to as the Lamb shift. Note that the Bloch-Siegert shift [26, 27] , the contribution from the counterrotating terms, is included in the n-photon ac-Stark shifts. Since L 0 = 1, a considerable Lamb shift is expected when g becomes comparable to ω. A similar suppression of transition frequencies because of coupling to other degrees of freedom is well known in polaron physics and other fields. For example, such an effect was recently discussed for an Andreev-level qubit [28] .
Considering that L n has n zeros, i.e., points where L n (x) is equal to zero, ∆ n (x) also has n zeros, and, hence, in general alternates between positive and negative values. In other words, the qubit's ground and excited states exchange their roles every time when ∆ n = 0.
The bare qubit frequency ∆ is the tunnel energy between the states | q and | q . Taking either one of these two states and a finite value of g, the oscillator is populated by virtual photons even in the ground state, and the virtual photon states for the qubit states | q and | q are different from each other. As a result, the qubit has to "drag" the oscillator every time it flips its state [21] , which can be seen as an effective reduction of ∆ by a factor that is determined by the overlap integral between the interaction-caused displaced n-photon Fock states of the oscillator [29] considerations allow us to easily identify the energies of the different eigenstates from the experimental spectra [29] .
To determine the parameters of the qubit-oscillator circuits (∆, ω, and g), spectroscopy
was performed by measuring the transmission spectrum through the transmission line that is inductively coupled to the LC oscillator [ Fig. 1(a) ]. In total, nine sets of parameters (A-I
in Table I) , where eight flux bias points in four circuits were used [29] .
Therefore, much larger g is expected for sets B-I. When the frequency of the probe signal ω p matches the frequency ω kl of a transition |k → |l , where |0 stands for the ground state and |k with k ≥ 1 stands for the kth excited state of the coupled circuit, the transmission amplitude decreases, provided that the transition matrix element k|(â +â † )|l is not 0.
Note that because ε is now generally nonzero, we have labeled the energy eigenstates using a single integer k instead of the label |in used above. Figure 2 shows the amplitudes of the transmission spectra |S (ω p ) are, respectively, the measured and background transmission coefficients [29] .
The circuit parameters are obtained from fitting the experimentally measured resonance frequencies to those numerically calculated by diagonalizingĤ with ∆, ω and g treated as fitting parameters. In Fig. 2 , the right panels show the calculated transition frequencies superimposed on the measured spectra. In Fig. 2(a) , one can see the characteristic spectrum of the strong-and ultrastrong-coupling regimes. From the fitting, the parameters are obtained as ∆/2π = 1.246 GHz, ω/2π = 6.365 GHz, and g/2π = 0.42 GHz. The spectrum shown in Fig. 2 (b) looks qualitatively different from that in Fig. 2 (a) as discussed in Ref. [17] . The parameters are obtained as ∆/2π = 1.68 GHz, ω/2π = 6.345 GHz, and g/2π = 7.27 GHz.
Here, g is larger than both ∆ and ω, indicating that the circuit is in the deep-strong-coupling
The parameters from all the sets are summarized in Table I .
To obtain the photon-number-dependent qubit frequency ∆ n (n = 0, 1, 2), at least five transition frequencies out of seven allowed transitions [ Fig. 1(d) ] are necessary. However, in each spectrum at ε = 0, we see only two signals at frequencies ω g0,g1 and ω e0,e1 corresponding, respectively, to the transitions |g0 → |g1 and |e0 → |e1 , which were also observed in our previous experiments [16, 17] . There are two main reasons behind this limitation on single-tone spectroscopy, where only a single-frequency weak probe signal is applied to the circuit. First, only transition frequencies in the range of the measurement setup (in our case 4 to 8 GHz) can be measured. Second, the signal from transitions that do not start from the lowest two energy levels will be weak because of the small thermal population of higher energy levels (in our case, the thermal population decreases by 2 orders of magnitude for each step up in the value of n).
To access transitions other than |g0 → |g1 and |e0 → |e1 , two-tone spectroscopy was used, where a drive signal with frequency ω d is applied while the transmission of a probe signal with frequency ω p around the frequency ω g0,g1 or ω e0,e1 is measured. When ω d is equal to the frequency of an allowed transition involving at least one of the states |g0 , |g1 , |e0 , and |e1 , an Autler-Townes splitting [32] takes place and is observed in the probe transmission signal. Figure 3 shows the measured two-tone transmission spectra from and the emission of one photon to the drive field in Fig. 3(c) . Together with the frequencies numerically calculated fromĤ Rabi , the corresponding transitions are identified as shown in the right-hand side of each spectrum. The spectrum in Fig. 3(c) demonstrates that the energy of |g1 is higher than that of |e1 , and, hence, ∆ 1 is negative. In other words, the qubit's energy levels are inverted.
Moreover, from these three two-tone transmission spectra, five transition frequencies, ω g0,g1 , ω g0,g2 , ω e0,e1 , ω e0,e2 , and ω g0,e1 , can be evaluated. In Fig. 3(a) , the horizontal line corresponds to a one-photon resonance, ω p = ω g0,g1 , whereas the diagonal line corresponds to a two-photon resonance, ω p = ω g0,g2 −ω d . For Fig. 3 (b) the horizontal line is at ω p = ω e0,e1 and the diagonal line is at ω p = ω e0,e2 − ω d . For Fig. 3(c) , the horizontal line is at ω p = ω g0,g1 and the diagonal line is at ω p = ω g0,e1 +ω d . From these five transition frequencies, all the eigenenergies up to the fifth excited state can be determined up to an overall energy shift. One thing is worth emphasizing here. In the two-tone spectroscopy of a deep-strongly-coupled qubitoscillator circuit, the states of the qubit are doubly dressed: one is the conventional dressing by the classical drive field, while the other is in the quantum regime due to deep-strong coupling to the oscillator, where the oscillator's states are displaced. The experimental results demonstrate that the two kinds of dressed states coexist.
From Eq. (3), the normalized photon-number-dependent qubit frequencies ∆ n /∆ are expected to depend solely on the normalized coupling constant g/ω. We, therefore, plot ∆ n /∆ as functions of g/ω for all nine parameter sets together (Fig. 4) . The parameters ∆, ω, and g are obtained from the transmission spectra. These results demonstrate huge Lamb shifts |∆ 0 − ∆|, some of them exceeding 90% of the bare qubit frequencies ∆. These results also demonstrate that one-photon and two-photon ac-Stark shifts are so large that ∆ 1 and ∆ 2 change their signs depending on g/ω. The solid lines are theoretically predicted values given by Eq. (3). Table I shows a comparison between the measured and the numerically calculated ∆ n [29] usingĤ Rabi and the parameters ∆, ω, and g. In many circuits, the measured ∆ 2 is smaller than the numerically calculated one, while the agreement of ∆ 0 and ∆ 1 is good, with the deviations being at most 10 MHz. Since ∆ 2 given by Eq. (3) is an approximation that becomes exact in the limit ∆/ω → 0 while the numerically calculated ∆ 2 is based on the exactĤ Rabi for any set of parameters, the agreement of ∆ 2 in Fig. 4 is a coincidence. In this way, our results can be used to check how well the flux qubit-LC oscillator circuits realize a system that is described by the quantum Rabi model Hamiltonian, which is the basis for several important applications, e.g., ultrafast gates [33] and quantum switches [34] . A possible source of the deviation in ∆ 2 is higher energy levels of the flux qubit. As discussed in Ref. [17] , the second or higher excited states can shift the energy levels of the qubit-oscillator circuit, even though there is an energy difference of at least 20 GHz between the first and the second excited states. Consideration of higher energy levels is necessary to identify the origin of the deviation in ∆ 2 .
In conclusion, we have used two-tone spectroscopy to study deep-strongly-coupled flux qubit-LC oscillator circuits. We have determined the energies of the six lowest energy eigenstates of each circuit and evaluated the photon-number-dependent qubit energy shifts.
We have found Lamb shifts that exceed 90% of the bare qubit frequency and inversions of the qubit's ground and excited states caused by the one-photon and two-photon ac-Stark shifts.
The results agree with the quantum Rabi model, giving further support to the validity of the quantum Rabi model in describing these circuits in the deep-strong-coupling regime. 
where H n is the Hermite polynomial; H 0 (x) = 1, H 1 (x) = 2x, H 2 (x) = 4x 2 − 2, and so on. Note that φ n (x, g/ω) is real. The overlap integral, which appears in the second line of Eq. (3) in the main text, can be calculated as
To be concrete, in the following, we consider the case of n = 2 as an example. Figures S1(a) - the states and operators that appear in the quantum Rabi Hamiltonian,
is summarized in Table SI . Here, ∆ is the qubit's transition frequency. Because bothσ x and (â +â † ) have negative parities, their product has a positive parity, meaning that all three terms inĤ Rabi have positive parities. Therefore, [Ĥ Rabi ,P ] = 0, and hence, the energy eigenstates are also eigenstates ofP , and have well-defined parities. Note that this property does not depend on the values of ∆, ω, and g.
Although the energy eigenstates and their eigenenegies ofĤ Rabi cannot be described analytically for arbitrary values of ∆, ω, and g, the symmetry allows to define energy eigenstates and their eigenenegies ofĤ Rabi as |in and ω in , where i (= g, e) indicates that the qubit is in "g" the ground or "e" the excited state and n is the number of real photons in the oscillator. Since the parity of (â +â † ) is odd, the transition matrix elements im|(â +â † )|jn may have non-zero values when the parities of the energy eigenstates |im and |jn are opposite, whereas they always vanish when the parities are same.
From the transition frequencies alone, the energy eigenstates and the eigenenergies cannot be determined uniquely. However, by using the parity symmetry discussed above, energy eigenstates and eigenenergies are recursively determined as long as ∆ < ω in the following parity even odd qubit state way. (i) The ground and the first excited states of a coupled circuit are respectively |g0 and |e0 , since there is no energy-level crossing between them. The corresponding eigenenergies are respectively ω g0 and ω e0 .
(ii) Between the (2n+2)th and (2n+3)th excited states (n ≥ 0), the state having nonzero transition matrix element with the state |gn is |gn + 1 and the other is |en + 1 . The corresponding eigenenergies are respectively ω gn+1 and ω en+1 . In this way, photon-number-dependent qubit frequency ∆ n ≡ ω en − ω gn can be uniquely determined for all the parameter sets in this work.
S3. COUPLER INDUCTANCE AND FLUX BIAS POINTS
The coupler inductance for sets B-I is a dc superconducting quantum interference device (SQUID) consisting of two parallel Josephson junctions as shown in Fig. 1(c) in the main text. Its Josephson inductance is given as n φ = ±0.5, ±1.5, and so on.
S4. BACKGROUND TRANSMISSION COEFFICIENT
The amplitudes of the measured transmission spectra |S meas 21 (ε, ω p )| are fitted by the following formula:
where
and we assumed that a background transmission coefficient S bg 21 (ω p ) is independent of energy bias ε and is written by a polynomial of the probe photon frequency ω p . Eq. (S7) can be applied to a transmission line that is inductively and capacitively coupled to an LC oscillator [35] , where Q L is the total quality factor of the oscillator, Q e is the external quality factor due to the coupling to the transmission line, and φ is a phase factor that accounts for the asymmetry of the resonance line shape. Note that |S 21 (ε, ω p )| may become larger than 1 depending on the value of φ.
S5. AVOIDED CROSSINGS IN TWO-TONE SPECTROSCOPY
In this section, we discuss the physical origin of the avoided crossings observed in Fig. 3 of the main text. The Hamiltonian of a three-level system under the application of a drive field with frequency ω d can be described by
whereσ ij = |i j|,b andb † are respectively the annihilation and creation operators of the oscillator representing the drive field, and χ ij describes the interaction strength between the drive field mode and the transition dipole moment. Here we assume that ω a < ω b < ω c and the transition |a → |c is forbidden. This situation applies to the energy eigenstates involved in the avoided crossings observed in Figs. 3(a) and (b) in the main text. Namely, |a = |g0 , |b = |g1 , and |c = |g2 for Fig. 3(a) , and |a = |e0 , |b = |e1 , and |c = |e2
for Fig. 3(b) . The energy-level diagram of the coupled system (three-level system and drive field) is described in Fig. S2(a) 
and N is the number of photons in the drive field. The transition frequencies are then
bc , which are the solid lines in Fig. S2(b) . When ω a < ω c < ω b and χ ac = 0, the Hamiltonian is given by
This situation applies to the energy eigenstates involved in the avoided crossing observed in Fig. 3(c) in the main text. Namely, |a = |g0 , |b = |g1 , and |c = |e1 . The energy-level diagram is described in Fig. S2(c 
bc , which are the solid lines in Fig. S2(d) . 
S6. NUMERICALLY CALCULATED ∆ n
In Fig. S3 , normalized photon-number-dependent qubit frequencies ∆ n /∆ obtained from the two-tone spectroscopies are plotted in open stars for set E, which has largest value of ∆/ω = 0.933. The solid lines are theoretically predicted values in the limit ∆ ω: 
